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WATSON'S BASIC ANALOGUE OF RAMANUJAN'S ENTRY 40 
AND ITS GENERALIZATION 

DHARMA P. GUPTA 1 " and DAVID R. MASSON * 

Abstract. We generalize Watson's ^-analogue of Ramanujan's Entry 40 continued fraction by 
deriving solutions to a io09 series contiguous relation and applying Pincherle's theorem. Watson's 
result is recovered as a special terminating case, while a limit case yields a new continued fraction 
associated with an g<p7 series contiguous relation. 
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In honour of Dick Askey on the occasion of his 60th birthday. 

1. Introduction. Contiguous relations for hypergeometric functions are an im- 
portant source for obtaining explicit results for difference equations, continued frac- 
tions, Jacobi matrices and their corresponding orthogonal polynomials. At the top of 
the Askey- Wilson chart of classical orthogonal polynomials [1] one has the 4-F3 Wilson 
polynomials. However the 4.F3 label is misleading, since the properties of these poly- 
nomials and their associated case are revealed by two contiguous relations for very 
well poised 7^6 series [8], [14]. These in turn can be derived as limits of a contiguous 
relation for a terminating, very well poised, two balanced g-Fs series [18], [8]. This gFs 
contiguous relation is thus fundamental for the classical hypergeometric polynomials. 
In a previous publication [15] it was shown how this gFs contiguous relation was also 
related to Ramanujan's famous Entry 40 continued fraction [16], [3]. 

All of the above are q — ► 1 limits of basic hypergeometric analogues. Thus the 4^3 
Askey- Wilson polynomials should be viewed in the light of very well poised s</>7 series 
[9] which are limits of terminating, very well poised, balanced long's. The analogous 
contiguous relation for io</>g's is thus fundamental to the whole scheme of classical and 
basic hypergeometric orthogonal polynomials. In this paper we derive this important 
contiguous relation and a corresponding continued fraction. A special terminating 
version of this continued fraction yields the following result of Watson [17] which is 
the g-analogue of Ramanujan's Entry 40 [16], [3]. 

Theorem A (Watson [17]). Denoting the base by q 2 (instead of more usual q), 



let 



1 OO 

— = n (i-^ 2m+i ), (m <i) 



m=0 



r = W)G (^) G (^) G (^) C (^) G (^) G (-) G (^- 
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Then, provided that one of the numbers (3, 7, 5, e is of the form q ±n (n = 1, 2, • • • ), 

V — Q Aq ai a 2 

V + Q ~ ft + A + J~2 +••• ' 

where 

Aa = {q + q- r )Ii{a - a- 1 ) 

a m = (q m+1 + q-™- 1 )^™- 1 + q 1 -™)!!^ 2 + a- 2 - q 2m - q- 2m ) , 

Pm = (q 2 ^ 1 - q- 2 ™- 1 )!^™ + q- m ){qm+l + g-™-l)(£a 2 + Sa -2 + 2 ) 

- n(a + a- 1 ) - (q + q- 1 ){q m + q- m )(q m + 1 + g-m-i)(g2m+i + ^,-2™-!)! 

f/ie products and sums ranging over the numbers a, (3, 7, <5, e. 

A second special terminating version of the continued fraction obtained here will 
give the basic analogue of Masson's Proposition 1 in [15], which is described as a 
'missing companion' of Ramanujan's Entry 40. For the sake of completeness we state 
Masson's result: 

Theorem B (Masson [15]). Let P> = nr((3 + a ± ± 7 ± 5 ± e)/4) (0,2 or 4 
minus signs) and Q' = nr((l + a±/3±7±<5± e)/4) (^1 or 3 minus signs). Then if 
one of the parameters (3, 7, S, e is an odd integer, 

9L = zl h. 

P' do — fti — 0,2 — 03 — • • • 

w/iere 

6„ =(n((2n - l) 2 - a 2)^) / / (i6)3( 2n - 1)2, 

a„ =|2n 6 + n 4 (5- Sa 2 )/4 + n 2 (- 26+ (1 + Sa 2 )2 - 2Sa 4 )/64 - a }/(4n 2 - 1) , 
a ={2(1 - Sa 4 ) + (1 - Sa 2 ) 2 - 8n a } / (16) 2 , 

with these products and sums ranging over the parameters a, (3, 7, S, e. 

Masson [15] also gave the non-terminating versions of Ramanujan's Entry 40 and 
Theorem B. 

The object of the present study is to obtain the non-terminating versions of 
Watson's theorem and the g-analogue of Masson's theorem given above. They are 
given in Section 4 by Corollaries 7 and 8 respectively. Our approach is similar to that 
in several recent papers [5], [6], [12], [13] on the subject where Pincherle's theorem [11] 
has been used to bring out the connection between several of Ramanujan's Chapter 
12 entries and the general theory of hypergeometric orthogonal functions (Askey and 
Wilson [1], Wilson [18]). For other approaches to explaining some of Ramanujan's 
continued fraction entries see [3], [10], [19]. 

2. Contiguous relation. We consider a terminating very well poised balanced 
io</>9 basic hypergeometric function 

(j>=<j>(a;b,c, d,e,f,g,h) 

I a,qy/a,-qy/a,b,c,d,e,f,g,h; q,q 
(2.1) :— 1099 I aq aq aq aq aq aq aq 

\ v a , —\ a >-r> — > — r> — i ~F' — ! ~~r 

\ b c d e f g h 

a 3 q 2 —bedefgh , |gj < 1 
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with say h = q~ n , n = 0, 1, . . . , g = so™ -1 , s := fc ° ^ . We follow the usual notation 
for variations of <f> with respect to the parameters. For example <f>{b+, c— ) represents 
the <fi with b and c replaced by bq and | respectively. 0+ denotes the 10^9 got by 
replacing a by aq 2 and 6, c, d, e, /, g, ft, by bq, cq, dq, eq, fq, gq, hq respectively. 

We need a contiguous relation basic analogue to the contiguous relation derived by 
Wilson [18] for the 9^8 hypergeometric function. In order to work out this contiguous 
relation, we shall use Wilson's method [18] using the basic hypergeometric analogues 
of the relevant formulas. 

Lemma 1. Let <j> be given by (2.1) (not necessarily terminating). Then 

(2.2) 0(&-,<h-)-0 

f (1 - g)(l - |K1 - ag )(l - a g2)(l _ _ e )(l - /)(! - g)(l h) 

(1 - f )(1 - ^)(1 - - f )(1 - f )(1 - f )(1 - f )(1 - f )(1 - f ) 

x <m&-) . 

Proof. A straightforward term by term subtraction on the left side of (2.2) leads 
to the result. □ 

Lemma 2. If <p (given by (2.1)) is terminating, then 

& 2 (l-/i)(l-^)(l-^)(l-^)(l-£f)(l , 
( 2 - 3 ) — ^TZ 7%rr — — <MM 



= 



& 2 (1 




f)(l 


-ff)(l" 


-ff)(l 


-m- 


aq\ 






(1- 


-f)(l- 


aq 2 \ 
b > 








-6)(1- 










aq \ 
gh> 






(1- 


"f)(l- 


aq 2 \ 






6(1- 




f)(l- 




f)(l- 

1 \ 


-f)(i~ 


aq\ 



Proof. By eliminating <f>+(b—) from (2.2) and another similar relation written for 
4>{b— , d+) — <f> we obtain 

(2.4) c(l - c)(l - - c ){\ - ^)(1 - ^W- of) 

-d(l-d)(l-^)(l-|)(l-^)0(6-,d+) 

f rf (l-^(l-^(l-f)(l-^ = 0. 
o d o a 

With say, /i = fl _ ™, we can apply an iterate of Bailey's transformation 8.5(1) [2, p. 
68] to (f>, (p+(b—) and <f>+(h—) (the transformation [4, exercise 2.19, p. 53] with b, e,g 
replaced by g,b,e respectively). The three transformed series are related via (2.4). 
Reversing the transformations in this relation we arrive at (2.3). □ 
Theorem 3. If <j> (given by (2.1)) is terminating, then 

9 (i h){i i )(i - g )(i - g)(i - gxi - g)(i - gxi - m) 

(i-^) 



(2.5) X [ ( j>(g-,h+)-<j>} 

" 1 ~~ hb^ ± ~ h2'^ ± ~ hd'y ± ~ he^ ± ~ hf 



h(l g)(l - f )(1 - -»)(!- £)(! - - " ff ) 



(1-f) 

x [0(ft-, 5 +)-0] 
-^(l-^)(l-^)(l-&)(l- c )(l-d)(l-e)(l-/)0 = 
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Proof. We eliminate <j)+(b-) and 4>+{c-) from (2.2), (2.2) with b <-» c and (2.3) 
with c <-> /i. A final interchange of parameters 6 <-> c <-> /i yields the desired result. 
□ 

Substituting /i = <j~™, g = sg n_1 , and renormalizing, the contiguous relation (2.5) 
becomes the linear second order difference equation 

(2.6) X n+1 - a n X n + b n X n -i = , n > 



(2.7) 



-n+i 

^-^(1 - sg"- 1 )(l - V" 1 )^ - V~ 2 ) 
■^/s a a 

(1 - f - fg^Xl - §g n+1 )(l - f<z" +1 )(l - f g" +1 ) 

X (1 - sq 2n ) 

«-«+§ 

-(1 - <?«)(! - ag")(l - ag^ 1 ) 



+ 



(1 - % g "-2)(l - f g- 2 )(l - ^g- 2 )(l - f g- 2 )(l - £g- 2 ) 

(1 - Sg 2 "- 2 ) 

- sq^-i)(l - * )(i - 6 )(i - C )(i - d)(i - e )(i - /) 



(1 - sg 2 «- 1 )(l - ^™-2)(l - <+!)] , 
— (1 - g")(l - S(? «-2)(l - V)(l - -g")(l - - -g»)(l - ^™) 

s o c a e j 



(2.8) x 



(1 _ tfqn-2 ){1 _ f gn-2)(l _ f g »-2 )(1 _ ^g»-2)(l _ 2£ g n-2) 
(1 - S 9 2n-l)( 1 _ sg 2n-2)2(! _ sq 2n-3) 

a 3 q 3 



with the solution 



(2.9) = 



-+n 



bcdef 
{sq 2n - l )oo{aq n + l ) c 



'aq n + 1 a( ? "+ 1 ag" + 1 a 9 " + 1 



* 2 (^-IJ^d^-l)^^ .... _ _ .. _ .. 

x (j>{a; b, c, d, e, /, sq n - x ,q- n ) . 



f h 



Here the infinite product (a)oo means 

(a)oo = (a;<z)oo = (1 - a)(l - aq)(l - aq 2 ) 

and 



(a, b, . . . , k)oo = (a)oo(&)oc ■ • ■ (fc)oo ■ 

For the exceptional values s — q, q 2 , the a n , b n and b n+ i in (2.7), (2.8) and X^^X^^ 
in (2.9) are indeterminate at n = 0. We resolve this indeterminancy by taking limits 
as n — > 0. 

Next, we proceed to find a second linearly independent solution to the second or- 
der difference equation (2.6). This can be obtained by using a (/-analogue of [15]. Thus 
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from (2.6), (2.9) and a symmetry relation ((2.11), below) we are able to obtain a second 
terminating io</>g solution for the special values s = q,q 2 , .... For general values of s 
the second solution will be an appropriate combination of two non-terminating 10^9's 
which satisfy a four-term transformation (Gasper and Rahman [4], formula III. 39, p. 
247) . We will consider the case of general s in future work. 
Observe that with the replacement 

(2.10) {aAc,d,e,f,sqn-\q-n) -+ (1, q 1, 1 1, « q n+A 

\a b c a e j s J 

we have 

(2.11) {a n ,b n ) — » (a n ,6 n+ i) . 

It is easy to check that b n — > b n +\. To check a n — > a n we used the 'Maple' software 
on the computer. This meant verifying a polynomial identity in x = q~ n of degree 
fourteen. 

Applying the transformation (2.10) to (2.6) and (2.9) and renormalizing, we ob- 
tain the second solution 



v (2) _ q-^ +n (fg'QooN 2 "- 1 ) 



.S 2 ( n n +^-\ (nn n \ ££ n n~l d§. n n—l £^. n n—l fjL n n—l\ 

\Q )oo{aq )oo{ a q , a q , a q , a q , a q )oo 



(o io\ v J q q q q 

(2.12) x 01 - 

\a b c a 



q q q- n+2 n+1 
— ,q n+1 



1 r 1 

e / 



s = q, q 2 , 



Note that cfi is terminating in (2.12) because of the parameter q~ n + 2 /s. 

3. Asymptotics and Pincherle's theorem. In order to obtain a minimal 
(subdominant) solution for (2.6) we need the large n asymptotics of (2.9) and (2.12). 
Applying Tannery's theorem to the long's on the right side of (2.9) and (2.12) we 
have, asn^oo, 



(3.1) Xi 1] ~ W (a; b, c, d, e, /) , 

s 2 

and 



(3.2) xp~ q ^wm 

s2 \a c a e j / 

where 



<1 , 



aq 



< 1 



a,qs/a,-qs/a, b, c, d,e,f 



2 n 2 



a^q 



W(a; b, c, d, e, /) := 8 </>7 _ qa qa qa qa qa ; 3, , , , 

Va,-Va,— -T- ocde} 

b c a e j 

We write 

Wi := W(a;b,c,d,e,f) , |s| < \qa\ 
and its analytic continuation otherwise; and 

w q q q q q\ , K | , 

\a b c d e / / 
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and its analytic continuation otherwise. 
Taking now 

(3.3) Xi 3) := W 2 X^ 1) -W 1 xi 2) 
it follows from (3.1) and (3.2) that 

X (3) 

(3.4) lim -tit = , 



s 




s 




< \a\ < 




q 







This establishes that is a minimal solution of (2.6). An application of Pincherle's 
theorem [11] then leads to the following result: 
Theorem 4. Let s = q,q 2 , Then 

,„_> i h b 2 w 2 x^-w 1 xk 2) 

(3.5) — — — = hm 



a -ai -02 ™-o fc^^X^ - WiX^) ' 

Proof. From Pincherle's theorem (3.5) is true for ||| < \a\ < |^-|. For other 
values of a the result follows by analytic continuation. To the left side of (3.5) we can 
apply the 'parabola theorem' (see Jones and Thron [11, p. 99] and Jacobsen [10]), since 
from (2.6), - jj" - = ^1 q yi (l + 0(q n )) . Hence the left side of (3.5) is a mcromorphic 
function of a. The right side of (3.5) involves convergent infinite products and 's 
which are each expressible in terms of convergent infinite products and convergent 
4^>3's (Gasper and Rahman [4, (2.10.10), page 43]). Consequently the right side of 
(3.5) is also a meromorphic function of a and (3.5) follows by analytic continuation to 
all values of a. Note that the exceptional cases s = q,q 2 which cause indeterminancy 
are taken care of by the limit fnOon the right side of (3.5). □ 

For the exceptional values s = q 2 ,q, the above theorem gives respectively the non- 
terminating versions of Theorem A (Watson [17]) and the basic analogue of Theorem 
B (Masson [15]). We now demonstrate how to derive the terminating versions of 
Theorem 4. We shall need to express the ratio W\/W 2 in terms of infinite products 
when | = q N , N being an integer. We write 

W{a;b,c,d,e,f) := ^y'~>"J'~>y J w W b i c ' d i e 'f) 

and 

TT f , , n W(a;b,c,d,e,f) 
U{a;b,c,d,e,f) := — -— . 

[aq,b,c, d,e,/)oo 

Lemma 5. If - = q N , where N is an integer, then 



*t, , i f\ i s \N r ,{b 2 , be bd be bf\ 
3.6 U(a;b,c,d,e,f) = — U(—,b, — ) 

y aq' \ a a a a a ) 



Proof. Refer to Bailey's three-term sfr transformation (formula III. 37, p. 246 of 
Gasper & Rahman [4]). If we apply the condition ^ = q N , N = 0, ±1, ±2, ... we 
obtain the desired result. □ 
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(3.7) 



Lemma 6. If s — = q M and | = q N , M and N being integers, then 

W(a; b,c, d,e,f) 

vv U' 6' c' d' e> // 

_ ^ (ag, c, rf, e, /, ^ , §f )oo 

/6c fed be h£ £ cd ce c/\ ' 

^ a ' a ' a ' a ' a ' 6' a ' a ' a 

w/iere 

(3.8) A = (-l)«+i(-) Ar (^)" + V(" +1 )/ 2 V ^=<T", n = 0,l,2,..., 

x ag y x b' bs 

and 



S \jV/&\n+l 



(3.9) A = (-1)™ +1 (— -) (-) 
aq c 



(n+l)(n+2)/2 



for 



bs_ 

aq 



-1,0,1,2, 



Proof. We express the left side of (3.7) in terms of appropriate 4^3 's. To the 
numerator W in (3.7) we first apply the identity (3.6) and then the three-term trans- 
formation formula III. 36 [4, p. 246]. To the denominator W we first apply the 807 
transformation formula III. 24 [4, p. 243] and then the formula III. 36. We also make 
use of the relation 

/a,b,c,d \ (a,&,c,d,/«"+ 1 ,$g»+ 1 ,g"+ 2 ) c 
(e)oo403l , ; q,q) 
V e, f, / 



lim 



e,f,g 



(aq n+1 , bq n+1 , cq n+1 , dq n+1 , f, g) c 



(3.10) 



X g"+! 403 



' aq n + x , bq n + x , cq n + x , dq n + x 
q n+2 , fq n+1 ,gq n+1 



q,q 



All this enables us to recognize and cancel a common linear combination of 4^3 's from 
the numerator and the denominator yielding the desired result. We note that in the 
case jj| = q, s = q, the limit (3.10) is not required and there is an exact cancellation. 
□ 



4. Exceptional values s = q,q 2 . We now restate Theorem 4 for the exceptional 
values s = q,q 2 and the form they take when the continued fraction terminates: 
Corollary 7. If s = q 2 , then (3.5) can be rewritten as 

1 ii _ 2a(l-q) 

a 2 



(4.1) - 
»o 



— ai — 



a n = 



(4.2) 



b n = 



' q V2 {1 _ a){1 _ m _ l){1 _ S){1 _ e) 

qill(ai + a~i ) + qi (qi + q~i)(q n+ i + q~ n ~i) 

x (q^ +q~^)(q : ^> 1 +q~^) 

- qi^a + T.a- 1 + 2)(gi + g-f)(g Ii T i + g" 2 ^) 

(gf + g-f )(q I1 i 1 + q-^) , 
-gII(Q! + a- 1 - q n - q~ n ) 



\l + V) 



(4.3) 



V 



a = 



(g S +gS)2(g ' 

(a) oc (aq) oci W 2 
(qa/3j5e)i , 



n n+4 



)(q 



-n+i 



») 
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and product H and summation E are taken over the parameters a, (3, 7, 5, e. // one of 
the parameters 7, <5, e = q N , N integer, (a, (3, 7,5, e) — > (a 2 , /3 2 , 7 2 , <5 2 , e 2 ) and the 
base q is changed to q 2 , then the right side of (4-1) becomes 



(4.4) 
with 



2(g-i-g) P-Q 



gn(a-a-!) T+Q 
1 fas a a @ e a 7 e a ^ e 



= (afl^S- 



V \ ' ' /37<5e' <5e ' 7 e ' (3e ' 7< 5 ' (35 ' /3 7 ' 
1 (afljS a(3je a(35e ajSe a/3 0:7 aS ae \ 
Q = V - ~' — S~ ' _ ~ , ^~ , l5'eW^W^W^ q 

anda n ,b n modified accordingly. This reproduces Theorem A. 

Proof. We write a = f , /3 = § , 7 = §, 5 = § , e = |. After that the proof is 

straightforward on substituting the values of Xq X \ X^\ boX^\, boX^l from (2.9), 
(2.12) and (2.8) into Theorem 4. A lot of algebra is involved in the simplification. 
Also, appropriate limits are to be taken whenever indeterminates occur. 

In order to obtain the terminating form (4.4) we need to use Lemma 6, after 
interchanging say b and /. In both cases viz., 

ao 3 f s 

-i- = q~ n , n = 0,1,2,... and — = q~ n , n = -1, 0, 1, 2 . . . 
fs aq 

whether the termination is due to one or the other, the result works out to be the 
same. The above result (4.4) yields Watson's result [17] i.e. Theorem A in Section 1. 
□ 

Corollary 8. If s — q, then (3.5) can be rewritten as 

(4.5) J. h. a. _ 2 L + «! (iw^Ey 1 , 

a - ai - a 2 \ q (ag)oo(-joo W 2 I 



(4.6) 



(q- n ~2 - q n +i)(q- n +? - q n ~i) 



3 n 



-?>n 



b n = q 



- (q 2n + q- 2n ) qi + q~i + T,(a~i + ai) 

+ (q n + q~ n ) - — q~i + (q^ + q^i)U(ai + a~i) 

/l — 1 \TT/ 1 — I \ 

+ [q 4 — q *)ll(a« — a 4) 

+ 0? _1 + Q)(q* + q~i) + i^r 1 + q)^(a~i + ai) 

I I — i\/ I _I\TT/ I — II 

— [q 4 + q 4 ){q 2 +q 2 )1I(q;4+q; 4) 

+ - q~^)(qi + q~i)~tt(ai - j , 

, 1 _1 _1 1 , 

ll(q~ n + q n — a 2 q 2 — a 2<p) 



(q2+q 2)(q2 2 -\- q 2 + 2)(g" 2 — q n +l) 2 
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(4.7) 



Wi = w(a; aj- 
V V a 

m =w( q -, ^ 

\a a 
a = (-^-) ' 



a. -, s, -, a* - 



79 V5q 



— ) 

a / 



and product II and summation E are taken over parameters a, (3, 7, <5, e. // one 0/ t/ie 
parameters /3, 7,5, e is g w , A~ an odd integer, (a, (3, 7, <5, e) — » (a 4 , /3 4 , 7 4 , a" 4 , e 4 ) and 
i/ie frase q is changed to q 4 , then (4-5) becomes 



(4.8) 
where 



1 

a 



61 
ai 



62 

0,2 



- 2 00- 



a 2 Q! 



1 / qa(3j5 qa-fSe qaj3e5 qae/3j qaf3 qaj qaS qae 



7 



1 



— = q 3 a(3^Se, 



q 3 a q 3 aSe q 3 aje q 3, ySa q 3 af35 q 3 a(3^ q 3 af3e 



(3j5e' fa ' 08 



e(3 



e7 



eS 



7<5 



with a n and b n modified accordingly. 

Proof. We write a = ^r, /3 = £jL, 7 = J = ^ and e = ^ and make the 
appropriate substitutions from (2.9), (2.12) and (2.8) into Theorem 4. A considerable 
amount of algebra is required to reexpress (2.7) as (4.6) for which we used 'Maple' 
software on the computer. We use Lemma 6 after interchanging say 6 and / to arrive 
at (4.8). The result is the same for either type of termination (3.8) or (3.9). Note that 
(4.8) can be reexpressed in the form 

Q_ J_ 26i 62 

a 2 V ao — ai — 02 — ■ ■ ■ 

which is a q-analogue of Theorem B in Section 1. □ 



5. Ordinary cases s = q 3 ,q 4 ,.... By substituting s 
then 2, into (3.5) of Theorem 4 we obtain 
Corollary 9. For s = q m , m = 3, 4, . . . 



q m ,m integer greater 



(5.i) L b ± h 

ao — a\ — a2 — ■ 



\a o c a 



1 q 

e / 



-m+2 



W 2 {a) 00 (aq) 00 (q) ao 1 



\ _ H^2 (. 



W 1 (£l) 00 (2^_) co ( g ™) co (1-q—l) 



( ^/*m-l £/vm-l ^m-l //yTTO— 1^1 

lag L_aj Laj Laj ' a 1 ? 



/ bg eg dq 
V a ' a ' a 



eg /g 



a J c 



where a n , b n are given by (2.7) and (2.8) for s — q m , m > 3. 

Note that if we substitute s = q(m = 1) into (5.1) the right side reduces to 



(5.2) 



q W 2 (f)oo(aq) c 



a 2 Wx (£)oo(£)c 
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and (5.1) agrees with (4.5) when the indeterminacy in ao and bi is taken into account, 
that is 

lim ao(s) = lim a n (s = q) 

(5.3) 

lim b\(s) — 2 lim b n (s = q) . 

s — >q n — >1 



It is the ao and b\ on the left of (5.3) that should occur in (5.1) with s = q while it is 
lim a n (s = q) and lim b n (s = q) which are the ao and b\ that occur in (4.5). 

n— >0 n— >1 

Similarly for s — q 2 , the right side of (5.1) becomes 

(a)oo(ag)oo W 2 



/r 4 ^ 0--Q) 

1 ' j qi (1 - f )(1 - - §)(1 - f)(l - f ) 



(£)oo(5)oo Wl 



This agrees with (4.1) since 

<»Mi-$)(i-w-];W-»a-i) 

lim b\(s) = lim b n (s = q 2 ) . 



lim ooW = lim a n ( S = q 2 )+ _ 



6. 



One can also consider the terminating case of (5.1) by taking into account Lemma 
Remarks 

1) If in Section 2 we make the replacements a — ► Aa, 6 ^ c ^ ^2, d ^ 

e — > ae*, / — > ae~ ie and let A — > oo, then we obtain solutions to the recurrence for 
Askey- Wilson polynomials [1] with s = abed — q m , m — 1, 2, . . . [7]. By applying the 
above limit to Corollary 7,8, and 9 we recover equations (22), (23) and (24) respectively 
of Gupta and Masson [7]. Note that [7, (22), (23)] give the g-analogue of Ramanujan's 
Entries 35 and 39 [3], [13], while Corollaries 7 and 8 are the g-analogues of Corollaries 
6 and 7 of [15]. 

2) The Corollary 8 case s = q is particularly interesting since the approximants 
of the continued fraction 

1 2bi b 2 g(ag)oo(|)oo W 2 

a - ai -a 2 a 2 (i) 00 (i) 00 W\ 

are then given explicitly in terms of X^ and Xn^ ■ To see this wc note that the initial 
conditions 

2X { 1 1) - aoX^ = 

x^- ai x[ 2) =0 

which follow from (2.7), (2.8), (2.9) and (2.12) when s = q, together with the recur- 
rence (2.6), imply that for s = q 

1_ 26i h bn = X^XP ^ n>Q 

ao - ai - a 2 a n 2X {1 \ xi 2) 

71+1 1 
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3) In the limit as m — > oo (s 
fraction result given by 



1 di di 

co - ci - C2 g(l 

1-1111 

a o c a e 



0) Corollary 9 yields a new continued 



-f)(i-t)(i-S)(i-t) 



where 
(5.6) 



I? 



(a a — — —) 

/ dq eq cq dec qq l\ 
v a ' q' q' qq' 6' / c 



111 



:\02 



' a ' cde 



/£ (£ q bede aq b cde a q dec \ 
vd' e' c' a 2 ' 6 ' a' a 2 1 cde' ag / oc 

/ ec qb qa q_ bede a 2 q 2 de dc\ 
^ a ' a ' cde 'a 1 ' qa 2 ' 6cde ' a 7 a ' c 



de dc ec 



ae ac ec -\ / aq aq aq 

a'-* ' q ' / 6 ' bede 



(i - f^+i) (i - V + i) (i - (i - V + i) 



6 ; v c ; v d 
- q(l - - aq n ){l - a 9 "+!)(l 

(1 - 6)(1 - c)(l - d)(l - e) 



+ a 2 9 2«+2. 



bede 



(1 - ag«+!) 



d n = ,(i - (i - - b r) (i - -<r) (i - - d r) (i - -<r) (i - • 



A direct proof is obtained by applying our methods to the contiguous relation 
(5.7) 



•HH'-E^-fW-T)^)-*] 



a 1\ 



+ 



a 2 q 2 
bedep 



(I - b)(l - c){l - d)(l - e)W = 



where 
(5.8) 



W = W(a; b,c,d,e,f) 



/ a,qy/a,-qy/a,b,c,d,e, / _ _a 

8 ^7 1 /— r— aq aq aq aq aq i r„ 



2 q 2 , 



1/77 /7i a 1 a 1 a 1 



qq qq 
e ' / 



bedef 



) 



The contiguous relation (5.7) is obtained from (2.5) by taking the limit g — > with 

f9 = ££h and thcn 
807 is not necessary. 



3 2 

fg — h ca ? eh and then replacing h = q~ n by /. However the termination of the above 
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